Homework 1

1. a.) Using the formula for conditional probability,
P(Free and Spam)  0.0357

P(Free if = = =0.2
(Free if Spam) P(Spam) 0134 0.266
b.) Using the formula for conditional probability,
P(F .
P(Spam if Free) — LUree and Spam) _ 0.0357 _ ..,

P(Free) ~0.0475
c.) Using the Bayes’ rule,

P(Spam) P(Text if Spam)  0.134-0.3855

= =0.737
P(Text) 0.0701

P(Spam if Text) =

d.) Using Bayes’ rule,

P P(Text and Free if
P(Spam if Text and Free) = (Spam) P(Text and Free if Spam)

P(Spam)P(Text and Free if Spam) + P(not Spam)P(Text and Free if not Spam)
- 0.134-0.17

~0.134-0.17 4 0.866 - 0.0006

= 0.978.

e.) Applying the total probability rule,

P(Free and Text) = P(Spam)P(Text and Free if Spam) + P(not Spam)P(Text and Free if not Spam)
=0.134-0.17 + 0.866 - 0.0006
= 0.0233.

Again applying the total probability rule,
P(Free and not Text) = P(Free) — P(Free and Text) = 0.0475 — 0.0233 = 0.0242
and
P(Free and not Text if Spam) = P(Free if Spam) — P(Free and Text if Spam) = 0.2664 — 0.1700 = 0.0964.

So, applying Bayes’ rule,

P(Spam) P(Free and not Text if Spam)  0.134 - 0.0964
P(Free and not Text) B 0.0242

P(Spam if Free and not Text) = = 0.534.

2. Let B and R denote the position of the blue and red arrow, respectively. At i'" spin of the red arrow (note that B
is fixed at unknown b), we observe X; =1 if R; > b, X; = 0 o.w. (Binomial distribution).

a.) The position of the blue arrow has a uniform distribution. Thus, the probability density is updated as a
beta-binomial model.

X;|B =b~ Bin(H + L,b)
b ~ Beta(1,1)

H+L
p(blz) o p(b H F(X;|B=b)=b"(1-b)1

blx ~ Beta(L +1,H + 1)

b.) The mean of b|z is ﬁ



3. Note that g ~ N(ug,72) and y;|u ~ N(u,0?). Then

p(ply) o< p(p)p(y|p)
(h—po)?* =Xy —p)?
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4. Using a trick to replace densities by “models”,

yi =+ e, e~ N(0,07)
p=pio + €e2,€ ~ N(0,72)
— Yi = Mo+ €1+ €
= o + €, € ~ N(0,0% + 72)

Thus, the prior predictive distribution y; ~ N(ug,0? + 72). Similarly,

Ynt1 = p+e€1,e1 ~ N(0,07)

n= % +eg ez~ N(o,%)
—>yn+1:%+61+63
Thus, the posterior predictive distribution y,+1|y ~ N(J?zoj,fjg, ggi:;z L)

5. The Fisher information is
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Then, the Jeffreys prior is
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