
Homework 3

1. The loss function is given by

I(µ,R) = 500

I(µ,N) = 1000 · I(µ < 11.9).

Then, the posterior loss is

ρ(π,R) = 500

ρ(π,N) = 1000 · p(µ < 11.9|y).

Note that the posterior distribution

p(µ|y) ∼ N
(

12 · 0.05 + 0.01nȳ

0.05 + 0.01n
,

0.05 · 0.01

0.05 + 0.01n

)
.

Since 500 = ρ(π,R) < ρ(π,N) = 1000 · p(µ < 11.9|y) when ρ(µ < 11.9|y) > 0.5, the Bayes decision rule is to

Recalibrate if ȳ <
11.9(0.05 + 0.01n)− 0.6

0.01n
Not recalibrate if o.w.

2. a.) Note that the partial Bayes factor for M1 over M2 is

BF(y2|y1) =
p(y2|y1,M1)

p(y2|y1,M2)
=

∫
p(y2|µ)p(µ|y1,M1)dµ∫
p(y2|µ)p(µ|y1,M2)dµ

.

Both the numerator and the denominator are posterior predictive. Thus, we derive

µ|y1,M1 ∼ N
(
τ2y1 + σ2µ0

τ2 + σ2
,
τ2σ2

τ2 + σ2

)
y2|y1,M1 ∼ N

(
τ2y1 + σ2µ0

τ2 + σ2
,
τ2σ2

τ2 + σ2
+ σ2

)
µ|y1,M2 ∼ N

(
y1, σ

2
)

y2|y1,M2 ∼ N
(
y1, 2σ

2
)
.

Then,

BF(y2|y1) =

(
2 · τ

2 + σ2

2τ2 + σ2

)1/2

exp

[
−1

2

{(
τ2σ2

τ2 + σ2
+ σ2

)−1(
y2 −

τ2y1 + σ2µ0

τ2 + σ2

)2

− (2σ2)−1(y2 − y1)2

}]
.

b.) The arithmetic intrinsic Bayes factor for M1 over M2 is

BF(y2|y1) + BF(y1|y2)

2
= 1.09

Given the data (y1, y2), there is insufficient evidence to conclude that M2 is more reasonable than M1. We
do not have sufficient evidence to conclude that this observation is an outlier. It is most likely not an outlier.
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3. a.)

p(y|M1) =

(
n

y

)(
1

2

)n
p(y|M2) =

∫ ∞
∞

p(y|θ)p(θ|M2)dθ

=

∫ 1

0

(
n

y

)
θy(1− θ)n−ydθ

=

(
n

y

)
B(y + 1, n− y + 1)

Then, the Bayes factor is

BF =
p(y|M1)

p(y|M2)
=

(
n
y

) (
1
2

)n(
n
y

)
B(y + 1, n− y + 1)

=
(n+ 1)!

2ny!(n− y)!
.

b.)

p(y|M3) =

∫ ∞
∞

p(y|θ)p(θ|M3)dθ

=

∫ 1

0

(
n

y

)
θy(1− θ)n−y 1

B(α, α)
θα−1(1− θ)α−1dθ

=
n!

y!(n− y)!

B(α+ y, α+ n− y)

B(α, α)

Then, the Bayes factor is

BF∗ =
p(y|M3)

p(y|M2)
=

n!

y!(n− y)!

B(α+ y, α+ n− y)

B(α, α)

y!(n− y)!

n!

1

B(y + 1, n− y + 1)
=

B(α+ y, α+ n− y)

B(α, α)B(y + 1, n− y + 1)
.

c.) When α = 1, BF∗ = 1. When α→∞,

lim
α→∞

BF∗ = lim
α→∞

Γ(α+ y)Γ(α+ n− y)Γ(2α)Γ(n+ 2)

Γ(2α+ n)Γ(α)Γ(α)Γ(y + 1)Γ(n− y + 1)

= lim
α→∞

αnΓ(n+ 2)

2nαnΓ(y + 1)Γ(n− y + 1)

=
Γ(n+ 2)

2nΓ(y + 1)Γ(n− y + 1)

=
1

2nB(y + 1, n− y + 1)

2


